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e evidence behind your decisions




 Understand a Queue
—Why a queue forms and essential concepts

* Model a Queue
— What-if, trade-off analysis

* Improve a Queue
e Case studies




Green, L. 2011. "Queueing Theory and Modeling". In Handbook of Healthcare Delivery

Systems
https://www0.gsb.columbia.edu/mygsb/faculty/research/pubfiles/5474/queueing%20

theory%20and%20modeling.pdf

And many others

Free Excel add-in for Queueing

ftp://ftp.wiley.com/public/sci tech med/queueing theory/




1. Understand a Queue

Science
of Q
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Restaurant games
* Healthcare examples?
— All the counter waits
— Appointment lead time (e.g. SOC, Elective surgery)
— Inpatient beds
— Transplant
— Screening, treatment

1 Understand a Queue



~ Demand more t

than Supply (utilisation >
Heavy workload
Not enough staff

Some other thing
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3. The heaviest rainfall of 118.8mm was recorded at the Kim Chuan
Road rain gauge between 6.20am to 10.25am - that's about half of
Singapore's average monthly rainfall in January, PUB said.

4. Rainfall in the area peaked between 8am and 8.30am, with an

intensity of 56mm per hour
Hourly rate (mm)

1 ?
2 21
3 30
4 ?
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Terms used in Queueing

Demand: Service
‘Customer’ provider

- ——. — Exit
&4

“Wait” -- Queue length, Queue time

Waiting time Service time




Rate Arrival rate, A

How fast is the demand

coming in?
Time Inter-arrival time:
(=1/rate) Mean and Variation

Utilisation Ratio, p=A/ |

1 Understand a Queue

Service rate, U

How fast can you serve?

Service time:

Mean and Variation
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— Bed utilisation (hospitals, hotels)
— Call centre utilisation
— Staff utilisation

e Food for thoughts
— What is a good utilisation rate?

— How can we use “utilisation” for resource
planning?

1 Understand a Queue



How do you Arrival Service
describe the Q? | (Demand) |(Service)

Call Centre Call arriving Resolution time Staff util

Escalator

Lift / Bus

Bike rental

COVID vaccination
Medical appt

Beds
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* Filling up each bottle takes 1
min

 What are the arrival rate,
service rate, utilisation ratio
and waiting time?

1 Understand a Queue
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e Average 40 patients per day
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e Each consult took 10 min

 What are the arrival rate, service rate,
utilisation ratio and waiting time?

1 Understand a Queue
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- — M: Markovian —i.e. randomly following a
distribution

Viarkov (exponential)

M/M/c/k - Service providers+
— T \ Waiting room
demand ' No of service

service

providers

1 Understand a Queue



Probability desnsity function
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Intuition Recap: basic framework of
Queueing
Science
of Q

2. Model a Queue
Probabilistic thinking
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-« Computer simulation
e Mathematical model

2 Model a Queue



e So what if M/M/17?

2 Model a Queue
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“W: service rate

And we can derive the following:

Utilisationp=A/

Average # customers in System, L =A/(u-A)

Average # customers in Queue, L, =L-p=p~2/(1-p)
Average Waiting Time in system, W =L/ A

Average Waiting Time in queue, W, =L, /A

System idle time (probability) =1-p
Apply the formula to GP example

2 Model a Queue



E Microsoft Excel - M_M_c.xls

Eile Edit View Insert Format Tools Data Window Help

Bl Microsoft Excel - QtsPlus.xls Qidd I A|VE|s&a@d S99 18 =53] k|4

{=] File Edit View Insert Format Tools Data Window Help H3 - f

PG RS QB b s S 8 3 - o) AL 100%
- fu

Input Parameters:

Queueing Theory Software Plus Toolbox 3.0 . ;
(c) 2000-2008. All rights reserved. Arrival rate (%)
Select model category, then Model Category Mean service time (1/u)
model and press "Run Model" Mumber of servers in the system (c
i = ystem (c)
Category Collection of models for multiple-server 2L Ie-.Ser.Ver = Plot Parameters:
Description . . .
3 Bulk Maximum size for probability chart
Priority T ; : i :
otal time horizon for probability plottin
Model Poisson/exponential multi-server queu| Metworks apacity, FIFQ: P typ g
Description calculates the major measures of effeq  Simulation
Tutor — Results:
Index ¥

Mean interarrival time (1/2)
Service rate ()

M/M/c: Poisson Amvals to Multiple Exponential Semnvers
MM e/ Multiple-Servers/Limited Capacity

Run Model

i

M/Gicle: Pure Overflow Madel Average # arrivals in mean service time (r)
Optimal Mumber of Servers for an M/G/c/c it

MM infinity: Poisson Input and Unlimited Exponential Service b SEN?F UtI|IZ?itIOr'I (p) )

M/ Giinfinity: Poisson Input. Unlimited Number General Servers Fraction of time all servers are idle (pg)

Markoy Multi-Server, Finite-Source Queue without Spares Mean number of customers in the system (L)

Help | Iarlkov Multi-Sewer. Finitp-Source Queue with Spares )
M/E(k)c: Multi-Server Poisson-Erlang(k) Queue hd Mean number of customers in the queue (Lq)
Mean wait time (W)
Mean wait time in the queue (\Wq)
Probability arrnving customer is delayed in
gueue (1-Wq(0))

ftp://ftp.wiley.com/public/sci tech med/queueing theory/

1Mic: POISSON ARRIVALS TO MULTIPLE EXPONENTIAL SERVERS

0.2

2.5

2.
66.67%
0111111
2.868689
(0.868689
0.377778
0177778

0444444

M 4 » M[\Start-up/ GlobalParameters /

4« v WM _M_c/ SizeDistributionChart ¢ TimeDistributionChart / PlotData /




Q: Waiting time vs Utilisation

Wait Wait Wait

Utilisation Utilisation Utilisation

Which graph is correct?
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* From GP and Cola

* And using M/M/1 for planning

2 Model a Queue



—Notation: M/M/c

—Does it matter? E.g. is it similar to a few
M/M/1? GP example with QtsPlus

— Formula?
—Examples

2 Model a Queue



Waiting time (hrs)
[
Y

0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95
Utilisation Rate (BEOR)

2 Model a Queue

——20-bed
—#—40-bed
—a— 100-bed




e Healthcare

2 Model a Queue
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~ definition — customers are ‘rejected’”

—measure the performance of the system by
Probability of ‘Failure’

 Examples?
e QTSPLUS: M/G/C/C or M/M/c/k model
—Whatis ‘G’?

2 Model a Queue



Probability of a patient finding no bed at post-recovery

_——"  Min beds req’d (M)

Prob of not
finding a bed # of theatres * % req beds * Recovery time / Ops duratig
after Ops 5 6 7 8 9 10 11 A 13 14
22 | 0.0% 0.0% 0.0% 0.0% 0.0% 0.0% 0.1% /0.3%\0.7% 1.2%
21| 0.0% 0.0% 0.0% 0.0% 0.0% 0.1% 0.2% [0.6% | 1.1% 2.0%
20 [ 0.0% 0.0% 0.0% 0.0% 0.1% 0.2% 0.5% [1.0% |1.8% 3.0%
" 19| 0.0% 0.0% 0.0% 0.0% 0.1% 0.4% 0.8% | 1.6% |2.8% 4.4%
E 18| 0.0% 0.0% 0.0% 0.1% 0.3% 0.7% 1.5% | 2.7% |4.3%
> 17| 0.0% 0.0% 0.1% 0.2% 0.6% 1.3% 2.5% | 4.1%
% 16 | 0.0% 0.0% 0.1% 0.5% 1.1% 2.2% 3.9%
é 15| 0.0% 0.1% 0.3% 0.9% 2.0% 3.6%
S 14 | 0.0% 0.2% 0.7% 1.7%  3.4%
* 13| 0.1% 0.5% 1.4% 3.1%
12| 0.3% 1.1% 2.7%
11| 0.8% 2.3% 4.8%
10 | 1.8% 4.3%

E.g. 6 OT, 80% req beds, 75min recovery, 30min ops duration (column “12”); and 20

beds (row) will result in 1% of patient not finding a bed




Know the trade-offs!!
Aka, No-free-lunch

% demand met % Utilisation unused
# providers # providers
1 2 3 4 8 1 2 3 4 8
21 86% 2 1 57% 75H
g 2 67% 96 % 2 33% 52% 67% 75%

a 4 43% 78% 95% ) 4 14% 22% 37% 50% 75%
H 8. 48% 69% 86% 2 sﬂ 50%
16 37% 50% 92% 16 8%

More details:

Average service time = 0.5 hour
Hourly demand given
M/M/c/2c model, that is, patient will wait for at most 1 patient in front of him
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\ variance
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&/C ) Arrival rate
2(1 o m/ Utilisation rate

# of server

2 Model a Queue



- Faster or 2 machines?

e Network

More realistic Q,
harder to analyse

 Time varying?

2 Model a Queue



® You receive 50 emails a day and your inbox has 100

emails. How long do you take to clear (delete) your mails

® 10 patients enter into observation ward per hour.
Average time spent in ward is 2.5 hr. What is the average

number of patients in the ward?
® Chronic disease prevalence

| # of COVID beds occupied

Similar to Stock and Flow!




Recap

We learn a few models. These models (and
gueueing concepts) help to plan the
capacity needed for a given demand and
service level target (such as waiting time,
loss rate)

So, what are the Queueing models covered?



Understand
Recap: understand the causes
of Q, and learn some models to

3. Improve a Queue

34



1. Reduce demand (possible?)

2. Increase supply (capacity planning)
— ldentify and work on the bottleneck

What else?

3 Improve a Queue
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" _Demand levelling (macro and operational le
— Supply: work standardization (?)

* Pooling, or ‘flexible partition’
— E.g. cross-training

* Demand — supply matching

e Put ‘uncertain’ cases last

e Shortest job first

3 Improve a Queue



Case study



e« Cannot change deman
e What else can be done?
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“Shortest-job-first” has lower waiting time,
but potentially starve the longer ones

First jobs have 0 waiting time,

—>
waiting time for the second jobs .
D

differ depending on which job is
scheduled first
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1. Common queue (i.e. no differentiation)
between ‘Express’ and ‘ Regular’

2. (Soft) Split of ‘Regular’ and ‘Express’
counters

Q: ‘how’ to implement ‘express’ queue?



60%

400%

20%

0%

Common Q,

= == EXD

— - = Reg

= = Ave of (Exp|Reg)




"= Batching
= Service differentiation
= Prioritisation of patients
= Create flexibility
= Psychology of queue



Demand

N randomness

ratio
\ Resource
s flexibility

Time
variation




